SUMMARY
We describe a maximum l i k e l i h o o d method f o r e s t imating s p a t i a l frequency components o f t r u n c a t e d sect i o n s o f data. The method i s used t o estimate t h e onedimensional F o u r i e r transform o f s h o r t scans o f images o f an edge and o f a s l i t . With t h e a i d o f a c o n s t r a i ned l e a s t squares noise c o n t r o l , t h e frequency response o f t h e imaging system i s computed from t h e estimated F o u r i e r transform.
The a p p l i c a t i o n o f F o u r i e r t r a n s f o r m techniques t o image processing u s u a l l y r e q u i r e s l a r g e amounts o f data. Much o f s p a t i a l f i l t e r i n g t h e o r y i s based on t h e F o u r i e r i n t e g r a l w i t h i t s i n f i n i t e l i m i t s , which we must approximate i n p r a c t i c e w i t h a f i n i t e i n t e g r a t i o n region. Images must be truncated, and t h e t r u n c a t i o n leads t o a r t i f a c t s i n t h e processed image. These tend t o be most prominent near t h e edges, and, i n p r a c t i c e , we o f t e n d i s c a r d a l l b u t t h e c e n t e r r e g i o n o f t h e image, where e r r o r s a r e smaller. c a r e f u l l y when t h e data t h a t i s a v a i l a b l e i s c o n f i n e d t o a l i m i t e d region. t h e s p a t i a l frequency response o f an o p t i c a l system makes use o f a t a r g e t such as an edge, whose image i s r e l a t i v e l y small i n extent. A l a r g e r image than necessary has more noise, b u t no more i n f o r m a t i o n than a s m a l l e r image, and inaccuracies a r i s e because o f t h i s . I f t h e image i s t o o small, edge e f f e c t s may l e a d t o severe d i s t o r t i o n s o f i t s F o u r i e r transform. D i s t o rt i o n s occur because t h e F o u r i e r transform o f t h e image o f an edge, computed i n t h e usual manner, i s t h e same as t h a t o f a p e r i o d i c r e p e t i t i o n o f t h e t r u n c a t e d edge image, w i t h a d i s c o n t i n u i t y o c c u r r i n g once i n each per i o d t h a t leads t o l a r g e e r r o r s i n t h e high-frequency p a r t of t h e transform .
The e f f e c t s o f t r u n c a t i o n must be considered more For example, t h e e v a l u a t i o n o f Truncation leads t o e r r o r s i n t h e determination o f an i n f i n i t e F o u r i e r transform because t h i s transform cannot be determined uniquely from f i n i t e s e t s of data.
I n o r d e r t o compute the F o u r i e r transform, we o f t e n assume t h a t t h e data i s zero o u t s i d e t h e t r u n c a t i o n r eg i o n o r t h a t i t repeats i t s e l f p e r i o d i c a l l y . Both o f these assumptions a r e u s u a l l y i n c o r r e c t . We can a v o i d them, however, by computing t h e l e a s t squares e s t i m a t e or t h e most l i k e l y estimate o f t h e F o u r i e r t r a n s f o r m
t h e maximum l i k e l i h o o d estimate when t h e d a t a is norm a l l y d i s t r i b u t e d . ] The Gaussian d i s t r i b u t i o n i s t h e maximum entropy d i s t r i b u t i o n when, as i n o u r case, i nformation o n l y about t h e f i r s t and second o r d e r moments *Work performed under t h e auspices o f t h e U.S. DepartTo compute these
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CH1315-1/78/0000-0246$00.75 ( C ) 1978 I E E E 246 i s used,' and i t i s reasonable i f t h e average value o f t h e data i s n o t t o o c l o s e t o zero. be assumed t o be normally d i s t r i b u t e d , o u r estimate o f i t s F o u r i e r t r a n s f o r m i s i t s most l i k e l y value; i n any event, i t i s t h e estimate t h a t minimizes t h e sum o f t h e squares o f t h e e r r o r .
When t h e data may ESTIMATION OF FOURIER TRANSFORM
The estimate B F ( f ) o f t h e F o u r i e r t r a n s f o r m o f t h e image data may be expressed i n terms o f t h e F o u r i e r t r a n s f o r m B ( f ) t h a t i s computed by assuming t h a t t h e t r u n c a t e d s e c t i o n o f t h e data i s repeated p e r i o d i c a l l y . I f M i s t h e m a t r i x o f c o r r e l a t i o n c o e f f i c i e n t s between d i f f e r e n t s p e c t r a l components o f p ( f ) and MF i s t h e a r r a y o f c o r r e l a t i o n c o e f f i c i e n t s between B ( f ) and B F ( f ) , t h e expression f o r t h e l e a s t squares e s t i m a t e o f where A ( f ) i s t h e Wiener spectrum o f t h e s t a t i o n a r y process and t ( f ) i s Equation ( 2 ) was d e r i v e d by expressing t h e s e c t i o n o f t h e s t a t i o n a r y process as a product o f t h e process and a r e c t a n g l e f u n c t i o n whose F o u r i e r t r a n s f o r m i s given i n Eq. ( 3 ) . I n t h e F o u r i e r domain t h i s product corresponds t o a convolution, and t h e c o e f f i c i e n t M . . 
We have used t h i s maximum l i k e l i h o o d technique t o estimate t h e response o f an imaging system from t h e images i t y i e l d s o f edges and s l i t s . t o compute t h e most l i k e l y values o f t h e F o u r i e r t r a n sform, performed a constrained l e a s t squares r e s t o r a t i o n on t h e r e s u l t t o reduce t h e e f f e c t s o f noise and d i v i d e d
We used Eq. ( 7 ) t h e r e s u l t i n g s p e c t r a l estimate by t h e F o u r i e r t r a n s -
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Nonstationary Imagery," J . Opt. Soc. Am. 64, (17) where a ( f ) i s t h e F o u r i e r transform o f t h e p o i n t spread f u n c t i o n , and y i s a parameter t h a t i s r e l a t e d t o t h e estimated value o f t h e noise. I n p r a c t i c e , p o i n t spread f u n c t i o n s a r e .computed f o r several values o f y, and the lowest value o f y which y i e l d s a reasonably smooth r e s u l t i s assumed t o be optimal.
squares noise r e d u c t i o n a l g o r i t h m a d j u s t s t h e d i f f e r -1974. ence between t h e image and t h e c o n v o l u t i o n o f t h e obj e c t w i t h t h e s i g n a l by m i n i m i z i n g t h e squares o f t h e 4. B. R. Hunt, "Deconvolution o f L i n e a r Systems by second d e r i v a t i v e s , s u b j e c t t o t h e c o n s t r a i n t t h a t t h e noise equal some estimated value.4 When t h e o b j e c t i s an edge, t h e constrained l e a s t squares f i l t e r has t h e form Constrained Regression and i t s R e l a t i o n s h i p t o t h e
Wiener spectrum A ( f ) o f t h e untruncated s t a t i o n a r y process. For b o t h s l i t s and edges, we have used f-2 since t h e square o f t h e absolute values o f t h e F o u r i e r transform o f both s l i t s and edges i s p r o p o r t i o n a l t o t h i s q u a n t i t y .
(The Wiener spectrum estimate was a rb i t r a r i l y s e t t o u n i t y a t zero s p a t i a l frequency.) Although t h e A ( f ) t h a t i s used must be reasonable, we have found e m p i r i c a l l y t h a t moderate e r r o r s i n i t have l i t t l e i n f l u e n c e on the e s t i m a t e B F ( f ) .
F i g u r e 1 i s a photograph o f an edge t h a t was used t o evaluate o u r imaging system, and Fig. 2 i s a onedimensional t r a c e o f a scan across i t by a s l i t . The s e c t i o n between p o i n t s a t 10 mm and 120 mm was processed, using t h e maximum l i k e l i h o o d F o u r i e r technique and Eq. ( 5 ) , t o f i n d t h e system ! i n e spread f u n c t i o n . This i s shown i n Fig. 3 , and i t s F o u r i e r transform, the system frequency response, i s i n Fig. 4 . Figures 5  and 6 show t h e t r a c e o f a s l i t and t h e system l i n e spread f u n c t i o n , computed i n t h e same way. We have l i t t l e i n f o r m a t i o n about t h e h i g h e r s p a t i a l frequency p o r t i o n o f B,-(f) because o f t h e l a r g e amount o f n o i s e i n t h e scan and t h e r e l a t i v e l y small magnitudes of t h e F o u r i e r transforms o f t h e edge and s l i t t a r g e t s i n these regions. We do have r e l i a b l e estimates o f t h e low frequency p o r t i o n , however, and t h e p o i n t spread f u n c t i o n s i n Figs. 3 and 6 i n d i c a t e t h a t edge e f f e c t s a r e r e l a t i v e l y small. We were n o t required, i n f i n d i n g F o u r i e r transforms, t o use l a r g e r p a r t s o f t h e scan than necessary t o i n c l u d e a l l o f t h e a v a i l a b l e s i g n a l information.
Equations ( 2 ) and ( 4 ) r e q u i r e an estimate o f t h e
The maximum l i k e l i h o o d technique o u t l i n e d here i s based e n t i r e l y on second o r d e r moments. As a consequence o f t h i s , t h e equations t h a t must be solved a r e l i n e a r . I n c l u s i o n o f more i n f o r m a t i o n may l e a d t o a knowledge of h i g h e r o r d e r moments and would p o s s i b l y improve t h e accuracy o f t h e estimate o f B F ( f ) , b u t t h i s would l e a d t o n o n l i n e a r equations. i n f o r m a t i o n has been e x t r a c t e d from t h e data w i t h o u t t a k i n g t h i s step.
I n o u r case, much 1.
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